In the PHFB model, uncertainties in the nuclear transition matrix elements for the neutrinoless double-β decay of 94, 96 In the mechanisms involving the light Majorana neutrinos and classical Majorons, the maximum uncertainty is about 15% and in the scenario of sterile neutrinos, it varies in between approximately 4 (9)%-20 (36)% without(with) Jastrow short range correlations with Miller-Spencer parametrization, depending on the considered mass of the sterile neutrinos.
In the PHFB model, uncertainties in the nuclear transition matrix elements for the neutrinoless double-β decay of 94, 96 Zr, 98,100 Mo, 104 Ru, 110 Pd, 128, 130 Te and 150 Nd isotopes within mechanisms involving light Majorana neutrinos, classical Majorons and sterile neutrinos are statistically estimated by considering sets of sixteen (twenty-four) matrix elements calculated with four different parametrization of the pairing plus multipolar type of effective two-body interaction, two sets of form factors and two (three) different parameterizations of Jastrow type of short range correlations. In the mechanisms involving the light Majorana neutrinos and classical Majorons, the maximum uncertainty is about 15% and in the scenario of sterile neutrinos, it varies in between approximately 4 (9)%-20 (36)% without(with) Jastrow short range correlations with Miller-Spencer parametrization, depending on the considered mass of the sterile neutrinos. 
I. INTRODUCTION
In the last decade, the confirmation of neutrino flavor oscillations at atmospheric, solar, reactor and accelerator neutrino sources [1, 2] and the reported observation of neutrinoless double beta (ββ) 0ν decay [3] [4] [5] [6] [7] [8] have together played a great inspirational role in the advancement of a vast amount of experimental as well as theoretical studies on nuclear double-β decay in general and (ββ) 0ν decay in particular [9, 10] . The former has provided information on the neutrino mass square differences ∆m 2 21 and ∆m 2 31 , mixing angles θ 12 , θ 23 and θ 13 and possible hierarchies in the neutrino mass spectrum [11] . In addition to hinting on the Majorana nature of neutrinos, the latter has also ascertained the role of various mechanism in different gauge theoretical models [12] . Presently, a number of projects for observing the (ββ) 0ν decay of 48 [13] [14] [15] have been designed and hopefully, the reported observation of (ββ) 0ν decay [3, 4] would be confirmed in the near future.
In the left-right symmetric model [16, 17] , the three possible mechanisms of (β − β − ) 0ν decay are the exchange of left handed light as well as heavy Majorana neutrinos and the exchange of right handed heavy Majorana neutrinos. Alternatively, the occurrence of lepton number violating Majoron accompanied (ββ) 0ν decay is also a possibility. Based on the most recent experimental evi- * Corresponding author: ramesh dap@bbau.ac.in dences [18] [19] [20] [21] , regarding the observability of all the nine Majoron models [22, 23] , it has been concluded that the study of classical Majoron models is the most preferred one.
In the short base line experiments [24, 25] , the indication of ν µ → ν e conversion was explained with 0.2 eV< ∆m 2 < 2 eV and 10 −3 < sin 2 2θ < 4.10 −2 . New results of the reactor fluxes favor short base line oscillation [26] [27] [28] . The confirmation of all these observations would imply the existence of more than three massive neutrinos [29] . In Ref. [22] , it was shown that the mixing of a light sterile neutrino (mass ≪ 1 eV) with a much heavier sterile neutrino (mass ≫ 1 GeV) would result in observable signals in current ββ decay experiments, as is the case in other interesting alternative scenarios [30, 31] .
The study of (β − β − ) 0ν decay within mechanisms involving light Majorana neutrinos, classical Majorons and sterile neutrinos can be performed under a common theoretical formalism [32] [33] [34] . In the mass mechanism, the contributions of the pseudoscalar and weak magnetism terms of the recoil current can change the NTMEs M (0ν) up to 30% in the QRPA [35, 36] , about 20% in the interacting shell model (ISM) [37] and 15% in the interacting Boson model (IBM) [38] .
In the evaluation of NTMEs, the most desirable approach is to employ the successful large scale shell-model calculations [37, [39] [40] [41] , if feasible. However, the QRPA [42, 43] and its extensions [44, 45] have emerged as the most employed models for explaining the observed suppression of M 2ν in addition to correlating the single-β GT strengths and half-lives of (β − β − ) 2ν decay by including a large number of basis states in the model space. The necessity for the inclusion of nuclear deformation has resulted in the employment of deformed QRPA [46] [47] [48] , projected-Hartree-Fock-Bogoliubov (PHFB) [49] [50] [51] [52] , pseudo-SU(3) [53] , IBM [38, [54] [55] [56] and energy density functional (EDF) [57] approaches in the calculation of NTMEs. Additionally, there are many a possibilities for the inclusion of the model dependent form factors for the finite size of nucleons (FNS), short range correlations (SRC) [53, [58] [59] [60] [61] [62] , and the value of axial vector current coupling constant g A [63] . Each model has a different truncation scheme for the unmanageable Hilbert space, and employs a variety of residual interactions, resulting in NTMEs M (0ν) , which are of the same order of magnitude but not identical.
In the analysis of uncertainties in NTMEs for (β − β − ) 0ν decay, the spread between the available calculated results [64] was translated in to an average of all the available NTMEs, and the standard deviation was treated as the measure of the theoretical uncertainty [65, 66] . Bilenky and Grifols [67] have suggested that the possible observation of (ββ) 0ν decay in several nuclei could be employed to check the calculated NTMEs in a model independent way by comparing the ratios of the NTMEs-squared with the ratios of observed half-lives T 0ν 1/2 . Model specific theoretical uncertainties have been analyzed in the QRPA approach [68] [69] [70] . Further, studies on uncertainties in NTMEs due to the SRC have also been preformed in Refs. [60, 62, 71] .
The main objective of the present work is to study the effects of pseudoscalar and weak magnetism terms on the Fermi, Gamow-Teller (GT) and tensorial NTMEs for the ( Nd isotopes in the light Majorana neutrino mass mechanism. In addition, we investigate effects due to deformation, FNS and the SRC vis-a-vis the radial evolution of NTMEs. Uncertainties in NTMEs are calculated statistically by employing four different parametrizations of effective two-body interaction, form factors with two different parametrizations and three different parametrizations of the SRC. In the same theoretical formalism, the (β − β − ) 0ν decay involving classical Majorons and sterile neutrinos is also studied. The theoretical formalisms to calculate the half-lives of the (β − β − ) 0ν decay with induced currents [35, 36] , classical Majorons [33, 35] and sterile neutrinos [31] have already been reported. Hence, we briefly outline the steps of the above derivations in Sec. II. In Sec. III, we present the results and discuss them vis-a-vis the existing calculations done in other nuclear models. Finally, the conclusions are given in Sec. IV.
II. THEORETICAL FRAMEWORK
The detailed theoretical formalism required for the study of (β − β − ) 0ν decay due to the exchange of light Majorana neutrinos has been given byŠimkovic et. al. [35] as well as Vergados [36] . The observability of Majoron accompanied (β − β − ) 0ν decay in nine Majoron models [22] has already been discussed by Hirsch et. al. [23] . Further, the (β − β − ) 0ν decay within the mechanism involving sterile neutrinos has been given by Benes et al. [31] . In the following, we present a brief out line of the required theoretical formalism for the clarity in notations used in the present paper.
A. Light Majoron neutrino mass mechanism
In the Majorana neutrino mass mechanism, the halflife T (0ν) 1/2 for the 0 + →0 + transition of (β − β − ) 0ν decay due to the exchange of light Majorana neutrinos between nucleons having finite size is given by [35, 36] 
where
and in the closure approximation, the NTME M (0ν) is defined as
with
The neutrino potentials associated with Fermi, GamowTeller (GT) and tensor operators are given by
where f α (qr nm ) = j 0 (qr nm ) and f α (qr nm ) = j 2 (qr nm ) for α =Fermi/GT and tensor potentials, respectively.
The effects due to the FNS are incorporated through the dipole form factors and the form factor related functions h F (q), h GT (q) and h T (q) are written as
with g V = 1.0, g A = 1.254, κ = µ p − µ n = 3.70, Λ V = 0.850 GeV and Λ A = 1.086 GeV. The presence of pseudoscalar and weak magnetism terms of the higher order currents (HOC) [35] , results as seen by the consideration of Eqs. (4)-Eq. (13), in no change of the Fermi matrix element M
GT −AA matrix element and the addition of three new terms M (0ν)
Consideration of internal structure of protons and neutrons suggests an alternative parametrization of g V (q 2 ) given by [72] 
with µ p = 1.79 nm, µ n = −1.91 nm and Λ V = 0.84 GeV. In addition,
with (20) and λ n = 5.6. We get two sets of form factors by considering Eq. (10)-Eq. (13) and Eqs. (11, 12, 14, 17) , which are denoted by FNS1 and FNS2, respectively. In Fig. 1 , we present the plot of g V (q 2 ) and g M (q 2 ) of FNS1 and FNS2, the shapes of which have definite relation with the magnitudes of NTMEs M (0ν) .
B. Majoron accompanied
In the classical Majoron model, the inverse half-life T (0νφ) 1/2 for the 0 + →0 + transition of Majoron emitting (β − β − φ) 0ν decay is given by [33, 35] [
where g M is the effective Majoron-neutrino coupling constant and the NTME M (0νφ) is same as the M (0ν)
for the exchange of light Majorana neutrinos. The phase space factors G 0M are evaluated by using
and have been calculated for all nuclei of general interest [23, 73] .
C. Mechanism involving Sterile neutrinos
The contribution of the sterile ν h neutrino to the halflife T (0ν) 1/2 for the 0 + → 0 + transition of (β − β − ) 0ν decay has been derived by considering the exchange of a Majorana neutrino between two nucleons and is given by [31] [
where the phase space factor G 01 is the same as Eq. (3), U eh is the ν h − ν e mixing matrix element and the NTME M 0ν (m h ) is written as
, In Eq. (24), the neutrino potentials are of the form
with the same h α (q 2 ) as given in Eqs. (7)-Eq. (9).
D. Uncertainties in NTMEs within PHFB Model
In the PHFB model, the calculation of the NTMEs M (0ν) k of the (β − β − ) 0ν decay has already been discussed in Ref. [50] . Employing the HFB wave functions, one obtains the following expression for the NTME M
The required amplitudes (u im , v im ) and expansion coefficients C ij,m of axially symmetric HFB intrinsic state |Φ 0 with K = 0 to evaluate the expressions n J , n (Z,N ),(Z+2,N −2) (θ), f Z,N and F Z,N (θ) [50] , are obtained by minimizing the expectation value of the effec-tive Hamiltonian given by (27) in a basis consisting of a set of deformed states. The details about the single particle Hamiltonian H sp as well as the pairing V (P ), quadrupole-quadrupole V (QQ) and hexadecapole-hexadecapole V (HH) parts of the effective two-body interaction have been given in Ref. [49] . To perform a statistical analysis, sets of twenty-four NTMEs M (0ν) for (β − β − ) 0ν decay are evaluated using Eq. (26) in conjunction with four different parametrization of the two body effective interaction, two sets of form factors and three different parametrizations of the SRC. The details about the four different parametrizations have already been given in Refs. [49, 50] . However, a brief discussion about them is presented here for completeness shake.
The strengths of the proton-proton, the neutronneutron and the proton-neutron parts of the V (QQ) are denoted by χ 2pp , χ 2nn and χ 2pn , respectively. In Refs. [74, 75] , it has been shown that the experimental excitation energy of the 2 + state, E 2 + can be fitted by taking equal strengths of the like particle components of the QQ interaction i.e. χ 2pp = χ 2nn = 0.0105 MeV b −4 and by varying the strength of the proton-neutron component of the QQ interaction χ 2pn . In Ref. [49] , it was also feasible to employ an alternative isoscalar parametrization of the quadrupole-quadrupole interaction, by taking χ 2pp = χ 2nn = χ 2pn /2 and the three parameters were varied together to fit E 2 + . These two alternative parameterizations of the quadrupole-quadrupole interaction were referred to as PQQ 1 and PQQ 2. Two additional parametrizations, namely PQQHH 1 and PQQHH 2 were obtained with the inclusion of the hexadecapolar HH part of the effective interaction. Presently, we consider a form of Jastrow short range correlations simulating the effects of Argonne V18, CD-Bonn potentials in the selfconsistent CCM [62] , given by
where 
and
III. RESULTS AND DISCUSSIONS
In the present work, we use the same wave functions as used in the earlier works [50, 51, 74, 75] . It has been already shown that [50] , the experimental excitation energies of 2
+ state E 2 + [76] can be reproduced to about 98% accuracy by adjusting the proton-neutron quadrupolar correlation strength parameter χ 2pn or χ 2pp . The maximum change in E 4 + and E 6 + energies with respect to PQQ 1 interaction [74, 75] Table I , the Fermi, Gamow-Teller and tensor components of NTMEs M (0ν) for 100 Mo are presented without (HOC -3rd column) and with the SRC (HOC+SRC -4th to 6th columns) to exhibit the role of HOC as well as the SRC explicitly. To test the validity of closure approximation used in the present work, the NTMEs M (0ν) are also calculated for A/2 in the energy denominator in the case of HOC+SRC given in 7th to 9th columns of Table I . It is remarkable that the variation in the NTMEs calculated with FNS1 and FNS2 are almost negligible.
In Table II 128 Te isotope that the NTMEs evaluated for both PQQ 1 and PQQ 2 parameterizations are quite close. The inclusion of the hexadecapolar term tends to reduce them by magnitudes, specifically depending on the structure of nuclei. The maximum variation in M (0ν) due to the PQQHH 1, PQQ 2 and PQQHH 2 parameterizations with respect to PQQ 1 one lies between 20-25%. The relative change in NTMEs M (0ν) , by changing the energy denominator to A/2 instead of A is in between 8.7%-12.7%, which confirms that the dependence of NTMEs on average excitation energy A is small and thus, the validity of the closure approximation for (β − β − ) 0ν decay is supported. The study of the radial evolution of NTMEs defined by [71] 
is the best possible tool to display the role of the HOC as well as the SRC. By the study of radial evolution of NTMEs M (0ν) ,Šimkovic et al. in the QRPA [71] and Menéndez et al. in the ISM [79] have shown that the magnitude of M (0ν) for all nuclei undergoing (β − β − ) 0ν decay exhibit a maximum at about the internucleon distance r ≈ 1 fm, and that the contributions of decaying pairs coupled to J = 0 and J > 0 almost cancel out beyond r ≈ 3 fm. Similar observations on the radial evolution of NTMEs M (0ν) and M (0N ) due to the exchange of light [50] and heavy Majorana neutrinos [51] , respectively have also been reported within the PHFB approach.
In Fig. 2 , the effects due to the HOC and SRC are made more transparent by plotting the radial dependence of C (0ν) for 100 Mo isotope with the PQQ1 parameterization of the effective two body interaction in four cases, namely HOC1, HOC1+SRC1, HOC1+SRC2 and HOC1+SRC3. In Fig. 3 , the radial dependence of C Nd isotopes. It is noticed that the C (0ν) are peaked at r = 1.0 fm for the HOC1 and the addition of SRC1 and SRC2 shifts the peak to 1.25 fm. However, the position of the peak remains unchanged at r = 1.0 fm with the inclusion of SRC3. Although, the radial distributions of C (0ν) extends up to about 10 fm, the maximum contribution to the radial evolution of M (0ν) results from the distribution of C (0ν) up to 3 fm. In addition, the above observations also remain valid with the other three parameterizations of the effective two-body interaction. The observed variation in the areas of curves in different cases is intimately related with the large changes in NTMEs M presented in Table II .
In Table III , the relative changes in NTMEs M (0ν) (in %) due to the different approximations are presented. It is noticed that the consideration of FNS1 induces changes about 9.0%-11.0% in the NTMEs M (0ν)
AA of point nucleon case. The inclusion of HOC1 reduces the NTMEs further by 11.0%-13.0%. The NTMEs M (0ν) are approximately reduced by 13.0%-17.0%, 1.0%-2.0% and 2.5%-3.0% with the addition of SRC1, SRC2 and SRC3, respectively, relative to the HOC1 case.
The effect of deformation on M (0ν) is quantified by the quantity D (0ν) defined as the ratio of M (0ν) at zero deformation (ζ= 0) and full deformation (ζ= 1) [80] . In Nd nuclei. It is observed that owing to deformation effects, the NTMEs M (0ν) are suppressed by factor of about 2-6 in the mass range A = 90−150. Thus, the deformation plays a crucial role in the nuclear structure aspects of (β − β − ) 0ν decay. In the present statistical analysis, we employ only the twenty-four NTMEs listed in the columns 4-6 (HOC1+SRC) and columns 11-13 of Table II NTMEs calculated using SRC2 and SRC3 parameterizations. By excluding the NTMEs due to SRC1 in the statistical analysis, the uncertainties reduce by 1.5%-5%. The figure-of-merit defined by
is another NTME related convenient quantity and is usually used in the analysis of experimental data. The arbitrary scaling factor 10 24 is used so that the C (0ν) mm are of the order of unity. Recently, the phase space factors have been calculated by Kotila and Iachello [83] with screening correction. However, we evaluate the twenty-four C (0ν) mm using rescaled phase space factors of Boehm and Vogel Table VI , we present the nuclear sensitivities, which are related to mass sensitivities, defined by [35] 
with an arbitrary normalization factor 10 8 so that the nuclear sensitivities turn out to be order of unity. It is observed that the nuclear sensitivities for ( (36%) without (with) SRC1 depending on the considered mass of the sterile neutrinos. The extracted limits on the ν h − ν e mixing matrix element U eh from the largest observed limits on the half-lives T 0ν 1/2 of (β − β − ) 0ν decay are displayed in Fig. 3 . The extracted limits on the ν h − ν e mixing matrix element U eh span a wider region of ν h mass m h than those of laboratory experiments, astrophysical and cosmological observations [93] and are comparable to the limits obtained in Ref. [94] .
IV. CONCLUSIONS
In the PHFB model, the required NTMEs to study the (β − β − ) 0ν decay of 94, 96 With the consideration of the SRCs, the NTMEs are in addition reduced by 16.0% (1.0%) for SRC1 (SRC2). The effects due to deformation are in between a factor of 2-6.
The sets of twenty-four NTMEs M (0ν) have been employed for estimating the uncertainties therein for the bare axial vector coupling constant g A = 1.254 and quenched value of g A = 1.0. In the mechanisms involving light Majorana neutrino and classical Majorons, the uncertainties in NTMEs are in about 4.0% (9.0%)-13.5% (15.0%) without (with) the SRC1. In the case of sterile neutrinos, the uncertainties in NTMEs are in between 4% (9%)-20% (36%) depending on the considered mass of the sterile neutrinos without (with) SRC1. We have also extracted limits on the effective neutrino mass m ν from the available limits on experimental halflives T 0ν 1/2 using average NTMEs M (0ν) calculated in the PHFB model. In the case of 130 Te isotope, one obtains the best limit on the effective neutrino mass m ν < 0.32 eV-0.45 eV from the observed limit on the half-live T 0ν 1/2 > 3.0 × 10 24 yr of (β − β − ) 0ν decay [90] . The best limit on the Majoron-neutino coupling constant g M turns out to be < 2.22 ×10 −5 from the observed half-life of 100 Mo isotope. The study of sensitivities of nuclei suggest that to extract the effective mass of light Majorana neutrino m ν , 100 Mo is the preferred isotope and 150 Nd is the favorable isotope to extract the g M . Thus, the sensitivities of different nuclei are mode dependent. It has been observed that the extracted limits on the sterile neutrino ν h − ν e mixing matrix element U eh extend over a wider region of mass m h than those of laboratory experiments, astrophysical and cosmological observations.
